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Abstract 

In this paper, we introduce a map between the g-deformed gauge 
fields defined on the GL g (iV)-covariant quantum hyperplane and the 
ordinary gauge fields. Perturbative analysis of the g-deformed QED at 
the classical level is presented and gauge fixing a la BRST is discussed. 
An other star product defined on the hybrid (q, /i)-plane is explicitly 
constructed . 
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1 Introduction 



Motivated by the need to control the divergences which occur in quantum 
electrodynamics, Snyder [I] proposed that one may use a noncommutative 
structure of spacetime coordinates. Although its great success, this sugges- 
tion has been swiftly forsaken. This is partly due to a growing development in 
the renormalization program which captivated all the attention of the leading 
physicists. The renormalization prescription solved the quantum inconsis- 
tencies without making any ad hoc assumption on the spacetime structure. 
Thanks to the seminal paper of Connes j2] the interest in noncommutativity 
|3] has been revived. Natural candidates for noncommutativity are provided 
by quantum groups [I] which play the role of symmetry groups in quantum 
gauge theories |H] (for a recent review see Ref. [Hj). 

In Ref. jZj we have constructed a new map which relates a g-deformed gauge 
field defined on the Manin plane xy = qyx and the ordinary gauge field. 
This map is the g-deformed analogue of the Seiberg-Witten map [S|. We 
have found this map using the Gerstenhaber star product instead of the 
Groenewold-Moyal star product [10]. In the present paper, we extend our 
analysis to the general GL q (iV)-covariant quantum hyperplane defined by 
x l xi = qx^x 1 i < j and to the hybrid plane defined by xy — qyx = hy 2 . 

2 (/-deformed gauge symmetry versus ordi- 
nary gauge symmetry 

To begin we consider the undeformed action 



S= ! d 4 x i(j {yfDp - m) V - \f^F» v 



(1) 



where 



(2) 



S is invariant with respect to infinitesimal gauge transformations: 



SxAf, = 
h^P = 



—iipX. 



(3) 
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Now let us study the quantum gauge theory on the quantum hyperplane 

x l & = qx^x 1 i < j q G C. 

In general, the product of functions on a deformed space is defined via the 
Gerstenhaber star product Let A be an associative algebra and let 
Di, E l : A — > A be a pairwise commuting derivations. 
Then the star product of a and b is given by 

a^ = /ioe c ^ w (a®6), (4) 
where ( is a parameter and fj, the undeformed product given by 

n(f®g) = fg- (5) 

On the quantum hyperplane x l x^ = qx?x % i < j, we can write this star 
product as: 

f*g = f io e % (^^-^^) (/ ® (,) . (6) 

Let us note that the coordinates are commuting variables, while the 
quantum coordinates x 1 are noncommuting variables. The noncommutative 
algebra on the quantum hyperplane can be realized on the algebra of the 
ordinary plane by using the Gerstenhaber star product. 

A straightforward computation gives then the following commutation re- 
lations 

x 1 -k x 7 = e 2 xV, x 1 -k x % = e^x^x 1 . (7) 

Whence 



x 1 * x J = e l11 x 3 *x\ q = e lv . 



Thus we recover the commutation relations for the quantum hyperplane: 
x % x? = q&x 1 . 
We can also write the product of functions as 



f*g = fei 8 *"M°'g (9) 

where 9 kl (x) is an antisymmetric matrix depending on the coordinates. 
Expanding to first nontrivial order in rj, we find 



f*9 



fg + -r]x l x J 



d£dg_ _ df dg 

dx l dxi dxi dx l 



+ ° (r) 2 ) 



i < j 



fg + -0 (x) d t f d 3 g + o ( v 2 ) . 



(10) 



The g-deformed infinitesimal gauge transformations are defined by 



d^X + i A, 

iX * tp, 
—ivfj * A, 



iX -k - iF^ * A. 



dyX + iX-k — iAp * A, 



To first order in rj, the above formulas for the gauge transformations read 



\a^ = d IM x-e^(x)d p xd a A fM + o( v 2 ), 

%5 = iX^ - 9 pa (x) d p X + o ( v 2 ) , 

%5 = -iX% + 9 pa (x) d$d a X + o ( v 2 ) , 

\% u = -9 pa {x)d p Xd (T % v + o(r ] 2 ). 



(12) 



To ensure that an ordinary gauge transformation of A by A is equivalent 
to g-deformed gauge transformation of A by A we consider the following 
relation [E] 



A (A) + 5~ X A (A) = A{A + 5 X A) . 
We first work the first order in 9 



(13) 



A = A + A'(A) 
X (A, A) = X + X'(X,A). 

Expanding in powers of 9 we find 

A; (A + 6\A) - 4 (A) - d,X' = 9 kl (x) duA^X. 
The solutions are given by 



(14) 



(15) 



.4 



A 

5 



A„ - 



1 



A + 



" 2 
1 „„ 



(16) 



(17) 



The g-deformed curvature F„ v is given by 



Finally, we find 



A-p, A v 



dfiA. v d u A p i 
d p A u d u A^ iA p -k A u + iA v -k A p . 



(18) 



F pv + Q pa (x) (F pp F ua - A p d a F pu ) 
-\dfl Ja (?) {A p F av + A p d a A v ) 
+ l -d u 6 p ° (x) (A p F ap + A p d a A p ) . 



(19) 



From this equation we can see the appearance of terms proportional to 
d p 9 pa (x). Equation (19) can also be written as 



%v = F pv + f pu + o {rf) , 



(20) 



where f pv is the quantum correction linear in rj. The quantum analogue 
of Equ. (1) is given by 



S 



d A x 



(21) 



where D^ip = d p ip — iA p * ip. 

We can easily see from this equation that the (/-deformed action contains 
non-renormalizable vertices of dimension six. Other terms which are propor- 
tional to d p 6 pa (x) appear. 

A gauge fixing term is needed in order to quantize the system. This is done in 
the BRST and anti-BRST formalism. As usual, the BRST transformations 
are obtained by replacing A by c and are given by: 



sA p = d p c-e pa (x)d p cd a A ll + o(r ] 2 ) , 

s^j = icjj - B pa (x) d p cd a ^ + o ( v 2 ) , 

s% = -hj)c+ 9 pa (x) d p % d a c+ o ( v 2 ) , 

sF pu = -e pa (x)d p cd a F^ + o( r] 2 ), 

sc = b, sc = 0, sb = 0, (22) 
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where c, c are the quantum Faddeev-Popov ghost and anti-ghost fields, 
b a scalar field (sometimes called the Nielson-Lautrup auxiliary field) and s 
the quantum BRST operator. The gauge-fixing term is introduced as 

Sgf + J (fx s (g* (|£ - «9 M >)) . (23) 

An expansion in r\ leads to an action corresponding to a highly nonlinear 
gauge. 

The external field contribution is given by 

S cxt = J d 4 x (A** * sA p + c* * scj , (24) 

where A*, c* are external fields (called antifields in the Batalin-Vilkovisky 
formalism) and play the role of sources for the BRST- variations of the fields 
A. c. 

The c~and c play quite asymmetric roles, they cannot be related by Hermitian 
conjugation. The anti- BRST transformations are given by 



BA„ = d l ^-d pc {x)d p 2d a A ll , 
%f, = ^ - Qp° ( x ) d p cd a jj + o ( v 2 ) , 

^ = -i^B + 9 pa (x) d p % d a c + o (rf) , 
?F„„ = -9^(x)d p 2d a % u + o( v 2 ), 

sc = 0, sc = -b, sb= 0. (25) 

Here s is the quantum anti- BRST operator. The complete tree-level 
action is given by: 

E (A p ,c,%b,T%,? > )=S + Sg f + S ext • (26) 

If we replace the ordinary fields and the ordinary action by their q- 
deformed analogues we can construct a g-deformed partition function. This 
enables us to study the g-perturbative theory, find the g-deformed n-point 
correlation functions and defined the g-deformed analogue of the Slavnov- 
Taylor identity. 
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3 (q, /i)-deformed gauge symmetry versus or- 
dinary gauge symmetry 

It is well known [TT|IT2*] that the only quantum groups which preserve nonde- 
generate bilinear forms are GL qp (2) and GL^i (2). They act on the g-plane 
(Manin plane) defined by XY = qYX and on the /i-plane (Jordanian plane) 
defined by xy — yx = hy 2 , respectively. 

In this section we give the form of the star product of functions defined on 
the hybrid plane (q, /i)-plane defined by xy — qyx = hy 2 . This map can be 
used to relate the (q, /i)-gauge fields to the ordinary ones. 

Let us recall that the Manin plane and the Jordanian plane are related 
by a transformation [T2*] 




where a = -Ar. 

The star product of functions on the Manin plane is defined by choosing 
the pairwise commuting derivations: X-^ and Y-^ . 

f*g = ^o e^ x ^y^-y^A) (f® g ). (28) 
A straightforward computation gives the following commutation relations 

X*Y = e^XY, Y*X = e^rYX (29) 

Whence 

X*Y = e iv Y*X, q = e ir >. (30) 

Thus we recover the commutation relations for the Manin plane. 
On the hybrid space, we define the star product as 

f- kg = ll o e ^l( x £ +ay £M y ^- ay £)-( y ^- ay £M x £ +ay M (f®g). (31) 
A direct computation gives 

in f in \ 9 _ in / _izz \ o / \ 

x-ky = e 2 xy+[e 2 — ljay, y * x = e 2 yx + I e 2 — 1) ay . (32) 
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Whence 



x*y = e tr] y * x + (e tT! - l) ay 2 

= qy-kx + hy 2 . (33) 

Thus we recover the commutation relations for the hybrid plane. 
Expanding to first nontrivial order in rj and h we find 

/-^+^-'V)(fg-f|). (34) 

If we take i] = h = we recover the ordinary product of commuting 
functions defined on the ordinary two-dimensional plane. 

We can also write the star product (defined by Equ. (31) ) as 

f*g = fe&* u ^g. (35) 

Here the antisymmetric matrix Q kl (x, y) = (rjxy — ihy 2 ) e M with 
e 12 = e 21 = 1. 

This star product can be used to relate the (q, /i)-deformed gauge fields 
to the ordinary ones. 
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